In this paper, we consider the three-dimensional generalized MHD equations, a system of equations resulting from replacing the Laplacian -in the usual MHD equations by a fractional Laplacian (-) α . We obtain a regularity criterion of the solution for the generalized MHD equations in terms of the summation of the velocity field u and the magnetic field b by means of the Littlewood-Paley theory and the Bony paradifferential calculus, which extends the previous result. MSC: 76B03; 76D03
Introduction
In this paper, we are concerned with the following three-dimensional generalized MHD equations: 
where u(x, t) denotes the fluid velocity vector field, b is the magnetic field, P = P(x, t) is the scalar pressure; while u  (x) and b  (x) are the given initial velocity and initial magnetic fields, respectively, in the sense of distributions, with ∇ · u  = ∇b  = ; α, β >  are the parameters. The generalized MHD equations generalize the usual MHD equations by replacing the Laplacian -by a general fractional Laplacian (-) α , (-) β . As α = β = , the generalized MHD equations reduce to the usual MHD equations; when α = β =  and b = , the generalized MHD equations reduce to the Navier-Stokes equations. Moreover, it has similar scaling properties and energy estimate to the Navier-Stokes equations and the MHD equations. The study of system () will improve our understanding of the NavierStokes equations and the MHD equations. For the D generalized MHD equations (), Wu [] showed that the system () possesses a global weak solutions corresponding to any L  initial data. Yet, just like the D Navier- 
On the other hand, suggested by the results in [, ], one may presume upon that there should have some cancelation properties between the velocity field u and the magnetic field b. When α = β, plus and minus the first equation of () and the second one, respectively, the system () can be rewritten as
where
In regularity criteria in Lorentz spaces, the multiplier space, and the nonhomogeneous Besov space, respectively. The purpose of this paper is to deal with the case α = β of the system (), to establish certain kind of regularity criteria. The tools we use here are the Littlewood-Paley theory and the Bony paraproduct decomposition. Before stating our main result, we firstly recall the definition of weak solutions to the D generalized MHD equations () as follows.
weak solution to the system () on R  × (, T), if it satisfies the following properties:
The weak solution (W + , W -) to the system () can be defined in a similar way as follows.
called a weak solution to the system () on R  × (, T), if it satisfies the following properties:
From the above two definitions as regards weak solutions, the systems () and () are equivalent. It is easy to see that (W + , W -) also verifies the system () in the sense of distribution, provided that (u, b) is a weak solution to the system () as α = β. Now our main result can be stated.
, the initial velocity and magnetic field 
Remark . It should be mentioned that our condition () on W + does not seem comparable with () on u at least there is no inclusion between them. http://www.boundaryvalueproblems.com/content/2014/1/178
Remark . Our result here improves the recent result obtained by Dong et al.
[] as α = β =  except that s = . However, the method of [] cannot also be applied to the case s =  in this paper. We shall consider this problem in the future.
Notation Throughout the paper, C stands for generic constant. We use the notation A B to denote the relation A ≤ CB, and the notation A ≈ B to denote the relations A B and B A. For convenience, given a Banach space X, we denote its norm by · X . If there is no ambiguity, we omit the domain of function spaces.
This paper is structured as follows. In Section , we introduce the Littlewood-Paley decomposition and the Bony paradifferential calculus. In Section , we give the proof of Theorem . by means of the Littlewood-Paley theory and the Bony paradifferential calculus.
The Littlewood-Paley theory
In this section, we will provides the Littlewood-Paley theory and the related facts.
Let S(R  ) be the Schwarz functions of rapidly decreasing functions. Given f ∈ S(R  ),
its Fourier transformation Ff =f is defined bŷ
The frequency localization operator is defined by
Formally, j is a frequency projection to the annulus {|ξ | ≈  j }, and S j is a frequency projection to the ball {|ξ |  j }. The above dyadic decomposition has a nice quasiorthogonality, with the choice of X and ψ; namely, for any f , g ∈ S(R  ), we have the following properties:
Details of the Littlewood-Paley decomposition theory can be found in [, ]. Let s ∈ R, the homogeneous Sobolev space is defined by
and the set S (R  ) of temperate distributions is the dual set of S for the usual pairing.
When dealing with our problems, we will use some paradifferential calculus [, ]. It is a nice way to define a generalized product between temperate distributions, which is continuous in fractional Sobolev spaces, and which yet does not make any sense for the usual product. Let f , g be two temperate distributions. We denote
At least, we have the following the Bony decomposition:
where the paraproduct T is a bilinear continuous operator. For simplicity, we denote
We now introduce the inhomogeneous Besov spaces.
The following lemmas will be useful in the proof of our main result.
exists a constant C independent of f , j such that -(α -). Applying the operator k to both sides of (), we get
Then multiplying the first and the second equation of () by W + k , W -k , respectively, and by Lemma ., we obtain for
Adding the two equations in (), we have
Note that
Then () can be rewritten as
where the commutator operator [A, B] = AB -BA. By the Bony decomposition (), the term I can be rewritten as
From the definition of k , we have
Then by the Minkowski inequality, we get
For the term I  ,
where j is replaced by k in the last equality. Noticing that
then by Lemma . and the Minkowski inequality, we have
Using the support of the Fourier transformation of the term
By the Minkowski inequality and Lemma ., we have
With the incompressibility condition ∇ · u = , we have
then by Lemma ., we get
Combining the above estimates for I  -I  , we have
For the second term II of (), by similar arguments to the ones used to derive () one can get
Inserting () and () into () one infers that
The proof of Theorem . in the rest of this section is divided into two cases.
Multiplying () with  kσ α and integrating with respect to t, we have
By Lemma . and the Hölder inequality, we have
and
Combining the above estimates for A  -A  with () and the Young inequality, we have
which implies that
Then the Gronwall inequality gives
, and integrating with respect to t, it follows that
By Lemma . and the Hölder inequality, we have 
Inserting the above estimates for B  -B  into () and by the Young inequality, we have 
